We review and compare Bell-state measurement and quantum teleportation schemes using linear optics with three different types of resources, i.e., two-photon pairs, entangled coherent states and hybrid entangled states. Remarkably, perfect teleportation with linear optics is possible in principle based on a hybrid approach that combines two-photon pairs and entangled coherent states. It turns out that hybrid approach allows to perform Bell-state measurement and local Pauli operations in a deterministic way, while it requires photon number resolving measurements.
I. INTRODUCTION
Quantum teleportation [1] , a task of transferring an unknown qubit between separated parties, is at the heart of various applications of quantum information processing. It particularly plays a crucial role in implementations of scalable optical quantum computation, as it enables one to perform sophisticated gate operations using the gate teleportation protocol [2] . The key element of the teleportation process is the Bell-state measurement, which discriminates between four two-mode entangled states known as Bell states
Another key element is to perform feed-forward transforms,X andẐ, on the output qubit to complete the whole teleportation process. Quantum teleportation has been experimentally demonstrated using optical systems [3] , and developed with various approaches. A well known approach to optical quantum teleportation [3] employs single photon qubits, typically, with its polarization basis {|H , |V }, [4] [5] [6] . Alternatively, the vacuum and single photon, |0 and |1 , may be used [7] . In this type of approach, a two-photon pair, which can be generated using parametric down conversion, is required as the quantum channel. However, a deterministic Bell-state measurement cannot be performed using linear optics and photon detection: In fact, when single photon qubits are used, only two of the four Bell states can be identified and thus the success probability cannot exceed 50% [8, 9] . In order to increase the success probability of a Bell measurement, a heavy increase of resources are required [4] [5] [6] 10] . * Current Address: Department of Physics and Astronomy, Dartmouth College, 6127 Wilder Laboratory, Hanover, NH 03755, USA Another approach using entangled coherent states has been studied with its remarkable merit [11, 12] . This approach employs two coherent states, |α and | − α with amplitudes ±α as a qubit basis. Van Enk and Hirota found that an entangled coherent state can be used as a quantum channel to teleport a coherent-state qubit [11] . Jeong et al. showed that a nearly deterministic Bell state measurement can be realized for teleportation using an entangled coherent state as the quantum channel [12, 13] . It requires parity measurements to discriminate between the four Bell states, and its failure occurs when no photon is detected in both the detectors due to the nonzero overlap of 0| ± √ 2α = e −α 2 . Quantum computation schemes using coherent-state qubits have also been explored along this line [14] [15] [16] . A critical problem in this approach is that one cannot easily perform the local unitary transforms required to finish the teleportation process. Due to non-orthogonality of two coherent states, |α and | − α , theẐ operation cannot be performed in a deterministic way. The teleportation between single photon and coherent state qubits was also studied [17] .
Recently, a new method that combines advantages of the two aforementioned approaches was proposed [18] . It enables one to efficiently perform a near-deterministic quantum teleportation using hybrid entanglement. In this scheme, the orthonormal basis to define optical hybrid qubits is
As the quantum channel, hybrid entanglement in the form of |+ |α |+ |α + |− | − α |− | − α is required to implement this type of teleportation protocol. The Bell-state measurement in this context can be performed using two parallel Bell-state measurements, one for the polarization qubit part and the other for the coherent-state part, in a nearly deterministic way. Feed-forward logical unitary transforms,X andẐ, can be easily performed using both parts of the hybrid qubit to complete the whole teleportation process.
In this article, we review and compare linear optical quantum teleportation schemes with three different types of resources, i.e., two-photon pairs, entangled coherent states and hybrid entangled states. It is shown that a nearly perfect teleportation can be implemented based on a hybrid approach, while other approaches have a weak point either in Bell-state measurement or feed-forward Pauli operations, both of which are essential tasks in quantum teleportation process. While an efficient generation of hybrid entanglement and a photon number resolving detection are still demanding, it may be challengeable in near future to experimentally demonstrate a nearly perfect teleportation using linear optics and hybrid entangled states along with current progress of optical quantum technologies.
II. OPTICAL BELL MEASUREMENTS AND QUANTUM TELEPORTATION
A. Two photon pair
Single photon is a primary candidate for optical quantum teleportation, which conveys information in its polarization degree of freedom {|H , |V } [4] (or the vacuum and single photon basis, |0 and |1 , [7] ). In the teleportation protocol, the sender (say Alice) and receiver (say Bob) are assumed to share a maximally entangled state, here chosen to be a two-photon pair e.g. |H |H + |V |V , which can be generated using parametric down conversion. Then, Alice performs Bell-state measurement between input qubit and one party of the channel state with her, aiming to discriminate four Bell states,
According to the measurement results, Bob applies Pauli operations,X orẐ, on his party of the channel to complete the teleportation process and retrieve the input state. Note thatX andẐ can be implemented deterministically in this approach, by polarization rotator and phase shift operation, respectively, whereas the success probability of Bell measurement cannot exceed 50% as we shall see below.
In Fig. 1 (a), a Bell measurement scheme for single photon qubits (B P ) is described by employing linear optic elements such as polarizing beam splitter (PBS), wave plates and photon detection. It has been known that this scheme allows to discriminate only two of the four Bell states [8, 9] . Suppose that |Ψ + or |Ψ − state enters into B P , at the first PBS two photons are separated into different modes resulting in one click from the upper two detectors and another from lower two. From all possible events of separated clicks, the two Bell basis |Ψ + and |Ψ − can be deterministically identified:
Bell-state measurement schemes for (a) single photon polarization qubit using polarizing Beam splitters (PBSs), wave plates, and on/off photo detectors, and for (b) coherent state qubits using beam splitter (BS) and photon number parity detectors (PNPDs).
On the other hand, for the state |Φ + or |Φ − two photons proceed together via the first PBS either way to upper or lower two detectors. As all possible results of clicks at the detectors from |Φ + can be also yielded from |Φ − , it is impossible to discriminate these two states. Therefore, the overall success probability of Bell measurement (thus the success probability of quantum teleportation) is 50%. Note that two identified Bell states out of four can be chosen by putting or removing appropriate wave plates at the input modes of the first PBS. For example, if we remove the 90
• wave plate in Fig. 1 In order to increase the success probability of quantum teleportation with single photon qubits, various methods have been developed, but they also encounter detrimental factors in a practical point of view. For example, a scheme of high-success teleporter requires a large number of modes prepared in single photon states [4] . A scheme proposed by Grice [10] can increase the success rate up to 1 − 1/2N by using 2 N − 2 number of ancillary photons and photon number resolving detection. Recently, Zaidi et al. [19] suggested a method to improve the success probability up to 64.3 % in dual-rail and to 62.5 % in single rail approach in terms of inline squeezing operations accompanied by photon number resolving detectors.
B. Entangled coherent state
Another well known approach employs coherent state qubits [20] , which have two coherent states, |α and |−α with amplitudes ±α as a qubit basis. It was pointed out that nearly perfect Bell-state measurement can be performed using this approach [12, 13] . As illustrated in Fig. 1(b) , the four Bell states of entangled coherent states,
with the normalization factor N ± = (2 ± 2e −4|α|
2 ) −1/2 , can be identified using a 50:50 beam splitter (BS) and two photon number parity detectors (PNPDs) [12, 13] . The Bell states after passing through the BS become
contain only even and odd number of photons, respectively. Therefore, from the results of two PNPDs, four Bell states can be discriminated:
where (even,0) indicates the detection of even number of photons at upper PNPD and no clicks at lower PNPD, and likewise for others. Due to the nonzero overlap of 0| ± √ 2α = e −α 2 , the even number state |even possibly yields the case when no photon is detected in both detectors, which is counted as a failure of Bell measurement. As the amplitude α gets large, the failure rate of Bell measurement dramatically decreases.
However, this approach has a critical problem in feedforward transforms, particularly with Pauli Z operation, which are required to finish the teleportation process at Bob's party. This difficulty in implementingẐ operation is due to non-orthogonality of two coherent basis |α and |−α , and may necessitate large cost of resources or heavy scheme complexity by repetition of gate teleportation [15, 16] .
C. Hybrid entanglement
A hybrid approach has recently proposed by combining the two well known approaches, single photon and coherent state qubits [18] . In this approach, the orthonormal basis to define optical hybrid qubits is
where |± = (|H ± |V )/ √ 2 and α is assumed to be real without loosing generality. As we shall see, this approach allows us to overcome particular weak points of previous approaches using single photon and coherent state qubits at the same time. Thus, quantum teleportation can be performed in a simple and near-deterministic manner using linear optics.
The Pauli operation can be easily performed in this approach:X operation can be carried out by applying a bit flip operation on each of the two modes, i.e. implemented by a polarization rotator on the single photon mode and a π phase shifter on the coherent state mode. The Pauli Z operation,Ẑ, can be performed by applying a phase shift operation on the single-photon mode only,
Scheme for deterministic quantum teleportation in terms of linear optic elements and photon detection. An unknown hybrid qubit, |φ = a|+ |α + b|− | − α , is teleported via a hybrid entanglement channel |ΨC . Two Bell measurements Bα and BP are performed on coherent-state and single photon modes, respectively, between the input qubit and one party of the channel state. Possible outcomes and corresponding feed-forward operationsX jẐk are presented in Table I . Its failure occurs only when both Bα and BP fail.
i.e. {|+ , |− } → {|+ , e iθ |− }. Therefore, the feedforward operations required to complete the teleportation process can be deterministically performed, which is a significant advantage over the highly nontrivial and resource demanding scheme used in coherent state approach [16] .
The Bell-state measurement for an optical hybrid qubit can be performed by joint works of two Bell measurement schemes, B P for single photon part and B α for coherent state part. Then, as we shall see below, it turns out that these hybrid approach enable to achieve a higher success probability of Bell-state measurement than the one obtained in either single approach.
Let us consider the details of hybrid teleportation scheme. Suppose that an unknown hybrid qubit, |φ = a|0 L + b|1 L , and an entangled hybrid channel |Ψ C ∝ |0 L A |0 L B + |1 L A |1 L B are prepared, where A and B denote the modes sent to Alice and Bob, respectively. The two units of Bell measurement, B α and B P , are performed in each physical mode between the input |φ and one party of the channel state |Ψ C as illustrated in Fig. 2 . From the results of the two Bell measurements, appropriate feed-forward transforms in the form of Pauli operations are determined as shown in the table I. As performing B α on |φ and Alice's part of |Ψ C , the coherent-state modes are mixed by the 50:50 BS and the total state evolves into
Subsequent photon number parity measurements on output modes yield four possible outcomes for success events (even, 0), (odd, 0), (0, even), (0, odd), and a failure result, (0,0), when no photon is detected at both detectors. For example, if the upper detector in B α detects an odd number of photons and the other does not, the outcome is (odd, 0) and we assign j = 0 and k = 1 as following the table I. As shown in Eq. (6), the remaining state is then a|+ |+ |0 L B − b|− |− |1 L B , which can be rewritten as
Applying B P measurements on single photon modes then verifies deterministically whether it projects onto |H |V + |V |H or not. For example, if the outcome is (H, V ) or (V, H), then the single photon modes projects onto |H |V + |V |H so that the resulting state at Bob's party is a|0 L + b|1 L . In this case, as shown in the table I, we flip the assigned k and thus finally have j = 0 and k = 0. Note that (H, H) and (V, V ) clicks do not occur in this case. If B P fails, the single photon modes projects onto |H |H or |V |V so that the state at Bob's party is now a|0 L − b|1 L . Then, the assigned k remains unchanged and thus we have now j = 0 and k = 1. Therefore, the final feed-forward operationX jẐ k at Bob's party can restore the input state and complete the teleportation.
As an another example, let us consider the case when B α fails, i.e. no photon is detected at both PNPDs. As even number state |even only overlaps with the vacuum state, the corresponding state to the failure event of B α can be represented as
At the same time, if the outcome of B P is (H,V) or (V,H), the single photon party is projected onto |H |V +|V |H and a|0 L − b|1 L is teleported to Bob. In this case, we assign j = 0 and k = 1 as following the Table. I. Likewise, for the outcomes (H,H) or (V,V), the state with Bob is a|1 L − b|0 L , and we assign j = 1 and k = 1. Finally, the input state can be retrieved by applying feed-forward operationX jẐ k on Bob's state. Therefore, quantum teleportation can be successfully performed unless both B α and B P fail. The success probability of hybrid quantum teleportation is thus given as
which significantly outperforms the previous schemes using two-photon pairs or entangled coherent states.
III. GENERATION OF RESOURCE STATES
Schemes for generating two-photon pairs have been proposed through various types of entangled photon sources e.g. quantum dot [21, 22] and parametric down conversion [23] , and have been experimentally achieved [24, 25] .
Entangled coherent states can be produced by splitting a superposed coherent state (SCS) with a beam splitter. In principle, an optical SCS can be generated in a deterministic way by using Kerr nonlinear effects [26, 27] , but it requires very high nonlinear strength that is not achievable within current technology. Theoretical investigations of non-deterministic schemes based on conditional measurements with squeezing operations [28] [29] [30] [31] [32] [33] and weak nonlinear interactions [34] [35] [36] have been made. Experimental generations of SCSs so far have been demonstrated based on various non-deterministic schemes [37] [38] [39] [40] [41] [42] [43] [44] . For example, a scheme to produce a SCS by conditioning an input Fock state |n on the outcome of homodyne detection was experimentally demonstrated to obtain a SCS of α ≈ 1.6 [39] . Recently, the weakness of locally generated SCSs to losses, an obstacle for applications, was shown to be circumvented by an experimental generation of spatially separated entangled coherent states using a very lossy channel [42] . A preparation of arbitrary squeezed vacuum and a squeezed single photon was demonstrated experimentally by photonsubtraction technique, which may be also used for engineering SCSs [43] .
Hybrid entangled pairs (e.g. in the form of |H |α + |V | − α ), can be also generated in principle using a cross-Kerr nonlinearity. The interaction Hamiltonian of the cross-Kerr nonlinearity is H χ = χâ †âb †b whereâ(â † ) andb(b † ) are the annihilation (creation) operators, and χ corresponds to the nonlinear strength. Suppose that a single photon in a diagonal state |+ = (|H + |V )/ √ 2 interacts with a coherent state |α in a nonlinear medium. Using polarization beam splitters and the nonlinear interaction, a conditional phase shift can be performed so that the output state then becomes entangled as |H |α + |V |αe iθ where θ = χt with the interaction time t [45] . Even though it is difficult to obtain large cross-Kerr nonlinearities such as χt = π, it is possible to generate hybrid pairs with an arbitrary weak nonlinearity following the ideas in Refs. [46] [47] [48] as shown in Fig. 3 . First, a coherent state as |α + iγ is required with a large real value γ, which interacts with the diagonal state |+ via a weak nonlinearity (θ ≪ 1). If a relation γ tan( θ 2 ) = α is satisfied, the output state becomes an entangled state |H |α + iγ + |V | − α + iγ . Finally, a hybrid pair can be obtained by applying the displacement operationD(−iγ) on the coherent state mode.
It is, however, still difficult to have an ideal crossKerr nonlinearity in optical single photon regime. It was pointed out that realistic multi-mode models could have limitations on the cross phase modulation due to spectral correlations between interacting fields in optical fibers that cause phase noises [49, 50] , and a similar result was obtained in electromagnetically induced transparency media [51] .
Nevertheless, it was demonstrated that these problems can be circumvented using an atomic V-type system and twin photons having temporal entanglement [52] . It was shown that high-fidelity and nonzero phase-shift are simultaneously obtainable in a multi-mode description of phase modulation using single photon and coherent state [53] . Recently, schemes for large cross phase modulations were proposed by using a gradient echo memory [54] and an atomic V-system [55] . In this sense, it is highly expected that small-scale hybrid pairs, required for our scheme, will be realized in the foreseeable future along with the recent progress in optical phase modulators [54] [55] [56] [57] .
IV. CONCLUSIONS
We review quantum teleportation schemes of three different linear optical approaches using two-photon pairs, entangled coherent states and hybrid entangled states. We have particularly addressed the advantages of hybrid qubit approach that was recently proposed [18] . In hybrid approach, the success probability of Bell-state measurement, an essential task for quantum teleportation, can be much larger than the one by single photon approach, 50%. For example, 99% success probability of teleportation can be achieved in hybrid scheme by encoding with α = 1.4. The Pauli operation used as a feed-forward task to complete the teleportation process, can be performed deterministically by simple linear optics, while in coherent state approach it is difficult to implement Pauli Z operation due to the non-orthogonality of coherent state basis. In addition, Ref. [18] also reported that hybrid approach is the most efficient way in the context of scalable quantum computation by considering fault-tolerant thresholds and resource requirements together.
Efficient schemes for generating hybrid entanglement between single photon and coherent state may be a challengeable next step for experimental realization. In principle, a hybrid entangled state can be generated via a weak cross-Kerr nonlinear interaction between a single photon and a strong coherent state [46] [47] [48] . Despite a limitation in optical fibers [49, 50] , recent studies have shown that a high-fidelity cross-Kerr nonlinearity can be obtained [53] [54] [55] . Current progresses in photo detection techniques [58] may enhance the possibility of efficient photon number resolving detection, which is another demanding task in hybrid approach. Therefore, an efficient quantum teleportation with hybrid entangle states is expected to be experimentally demonstrated in near future.
